We have experimentally studied the impact of an initially planar axisymmetric vortex ring, incident at an oblique angle, upon a gravity-induced interface separating two fluids of differing densities. After impact, the vortex ring was found to exhibit a variety of subsequent trajectories, which we organize according to both the incidence angle, θ i , and the interface strength, defined as the ratio of the Atwood and Froude numbers, A/F . For grazing incidence angles (θ i 70 deg.) vortices either penetrate or reflect from the interface, depending on whether the interface is weak or strong. In some cases, reflected vortices execute damped oscillations before finally disintegrating. For smaller incidence angles (θ i 70 deg.) vortices penetrate the interface. When there is a strong interface, these vortices are observed to curve back up toward the interface.
I. INTRODUCTION
Due to their consistent appearance in many hydro-and aero-dynamic systems, vortex rings have been studied in the laboratory for decades [1] . Some studies have focused on the interaction of a vortex ring with either a solid surface [2] or a free surface [3, 4] . Others have focused on the trajectory of a vortex ring when propagating through fluid with a gradual vertical density gradient [5, 6] .
Comparatively few studies have been performed on the interaction of a vortex ring with an interface separating two fluids of different densitites. Among these, Linden [7] studied the normal incidence of a vortex ring on a fluid density interface. He found that the penetration depth of the ring into the lower, more dense fluid, depended upon the Froude number of the vortex ring. Dahm, Scheil, and Tryggvason [8] performed a comprehensive study of the normal incidence of a vortex ring on a fluid density interface. They found that for thin interfaces, the interaction of the vortex ring with the interface was governed by the Froude number, F , and the Atwood number, A. Furthermore, they found that in the Boussinesq limit (A 0) the interaction could be characterized by the ratio A/F , which represents a dimensionless interface strength. For small values of A/F , the vortex ring could penetrate the interface. As A/F was increased, the interface began to act more like a solid interface, preventing penetration.
To our knowledge, there has been no systematic study of the oblique incidence of a vortex ring upon a density interface separating two fluids. This is significant because the boundary conditions at a fluid density interface are different than those at a fluid/solid interface. More generally, we lack a complete understanding of the dynamics and stability of a vortex ring propagation across a fluid density interface, as might be encountered in oceanic thermoclines or atmospheric temperature inversions. With this in mind, we have performed a set of experiments in which we measured the trajectory of a fluid vortex ring launched at an oblique angle toward a fluid density interface.
The present article, which describes the results of our experiments, is organized as follows.
We begin in Sec. II by providing definitions of a number of dimensionless quantities which will prove useful in characterizing our results. Next, in Sec. III, we describe the experimental procedure. This section includes details concerning the vortex launcher design and operation, establishment and characterization of the fluid density interface, and the vortex tracking and image analysis techniques. In Sec. IV, we describe some control experiments in which we track the trajectory of a vortex ring in the absence of an established fluid density interface.
We do this in order to identify vortex ring instabilities which may give rise to spontaneous changes in vortex ring trajectory. Having done this, we next report, in Sec. V, experiments in which we track the trajectory of a vortex ring when it strikes a fluid density interface.
In particular, we describe the experimental conditions under which we observed vortex ring reflection and refraction. The experimental results are collected in Tab. II. Finally, in Sec. VI we speculate about how one might construct a generalized law of refraction, akin to Snell's law for the refraction of light, in order to characterize the interaction of a vortex ring with a fluid density interface.
II. DIMENSIONLESS QUANTITIES
In order to characterize our results, we will make use of a number of dimensionless quantities. The Atwood number, A = (ρ 2 − ρ 1 )/(ρ 2 + ρ 1 ), is a dimensionless quantity which measures the density difference across an interface between two fluids. Here, ρ 1 and ρ 2 are the densities of the fluids on the top and bottom sides of the interface, respectively.
The length scale, l/w, is a dimensionless quantity formed from the interface thickness, l, and the vortex ring diameter, w. The Froude number, F , is a dimensionless quantity which measures the relative importance of the inertial and gravitational effects on the flow of a mass of fluid. It has several formulations. We will use the one provided by Landau and Lifshitz [9] , F = v/ √ wg. Here, w and v are the diameter and speed of the vortex ring relative to the surrounding fluid, respectively, and g is the acceleration of gravity. The diameter of the vortex ring is defined as the distance between the center of the vortex core regions on opposite sides of the ring. The Reynolds number, R = wv/ν, is defined as the ratio formed from the product of the width and velocity of the vortex ring and the kinematic viscosity, ν, of the ambient fluid. In addition, we can combine the Froude and Atwood numbers into a single dimensionless quantity, A/F = ∆ρ √ wg/2ρ a v, which plays the role of the interface strength. Here, ρ a = (ρ 2 + ρ 1 ) /2 is the average fluid density, and ∆ρ = (ρ 2 − ρ 1 ) is the difference between the top and bottom fluid densities.
For a typical set of experimental runs, we keep the Atwood number and the (initial) vortex ring width constant and vary the vortex ring velocity. For such a set, a large vortex 3 ring velocity corresponds to a large Froude number and hence a small interface strength. In what follows, we will occasionally use the terms "large vortex ring velocity", "large Froude number" and "small interface strength" interchangeably.
III. EXPERIMENTAL PROCEDURE
The left hand side of Fig. 1 shows a schematic diagram of the experimental configuration;
the right hand side is a detailed photograph of the vortex ring launcher and some of its auxiliary equipment. The design of our vortex ring launcher was largely inspired by that of Lim [2] . Briefly, the vortex ring launcher (a) was suspended inside of a 30 L x 12 W x 22 D glass aquarium (b) by an adjustable platform. The platform height could be controlled with a screw jack driven by a servo motor (c). The declination of the launcher could be adjusted manually using a notched protractor machined from marine brass (d).
Vortex rings were ejected from the barrel of the launcher (e) by one of two methods. In the first method, a stepper motor sealed in a water tight chamber in the rear of the vortex launcher was used to actuate a rigid acrylic piston so as to force a precisely controlled volume of fluid through the barrel. In the second method, the acrylic piston was replaced by a latex diaphragm; the diaphragm was actuated pneumatically by quickly squeezing a pipet bulb so as to force air into the water tight chamber behind the diaphragm. The second method had the capability of more rapid actuation and thus higher velocity vortex rings; the first method had the virtue of greater reproducibility.
In either case, a vortex ring was formed which propagated at a particular angle and speed toward the fluid density interface. Generally speaking, the initial vortex ring speed was limited by both the maximum speed of the actuator employed and the ratio of the cross sectional areas of the barrel and the piston (or diaphragm). The diameter of the barrel, d, determined the initial diameter of the vortex ring. In our experiments, we used barrels with two different bores: the smaller had d = 0.635 cm, and the larger had d = 1.905 cm.
Just prior to actuation of the piston, a small quantity of neutrally buoyant red ink was injected into the barrel using a syringe (f) depressed by a linear actuator. The ink injection system (and the rigid piston, when using the stepper-motor method) were controlled using a multifunction data acquisition system (g). Experimental control software ran on a desktop computer (h). Concurrently running video capture software was used to obtain movies of the vortex ring trajectory using a high-definition digital video camcorder (i). The image capture rate was 30 frames per second.
A. Density Interface
To establish a fluid density interface, we used a procedure similar to the one described by Dahm, Scheil, and Tryggvason [8] . The lower fluid layer consisted of a mixture of deionized water and salt, the upper layer of pure deionized water. As mentioned in Sec. II, the density difference between the fluid layers dictates the Atwood number of the interface. In our experiments, the Atwood number was varied between 0.00147 and 0.00645.
To measure the interface thickness, we incrementally lowered the tip of a commercially available salinity sensor across the interface. A normalized salinity profile of the interface thus obtained is shown in Fig. 2 . In the top graph (a), the salinity profile of a saltwater/air interface is shown. The maximum salinity here corresponds to a fluid density of 1.00748 g/cc. The interface thickness was measured to be 4 mm. This width is taken to be the instrumental broadening due to the limited resolution of the probe.
In the bottom graph (b), the salinity profile of a saltwater/freshwater interface is shown.
The maximum salinity corresponds to a fluid density of 1.00339 g/cc. There are three traces.
The orange squares show the profile immediately after it was established. The interface has a thickness of 12 mm. The blue triangles show the profile after several vortex ring impacts.
The interface has widened to 25 mm. The purple lozenges show the profile after the saltwater has been allowed to diffuse into the freshwater for six days, without any further vortex ring impacts. The interface is now over 30 mm wide. For all of these measurements, we define the interface thickness as the height of the region over which the salinity differed by more than 5% from its maximum, and its minimum concentrations.
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To avoid excessive interface broadening during the course of our experiments, we routinely drained the tank and reestablished an interface after three to five launches. Correcting for the instrumental broadening, the average interface thickness was assumed to be l = 1.5 ± 0.6 cm.
B. Image processing
Movies of the vortex ring trajectories were analyzed with the aid of a commercially available image processing software package. The central goal of image processing was to identify the location, size, and orientation of the vortex ring in each movie frame. To this end, either an automated or a manual vortex tracking procedure was employed. These two procedures are described next.
Automated vortex tracking procedure
When employing the automated vortex tracking procedure, first, a background image, which typically consisted of the first movie frame (prior to vortex launch) was subtracted from the subsequent movie frames. This minimized the effect of spurious background features on vortex ring identification. Next, the first two frames which contained vortex rings were inspected by eye, and the cartesian coordinates of the center of the vortex ring in each of these two frames was estimated. From these coordinates, the initial velocity of the vortex ring was calculated. The velocity was then used to predict a region of interest for identifying the vortex ring in the subsequent frame. Software then identified the location of contiguous image pixels whose red value (the color of the dye marking the vortex ring) exceeded a certain threshold value. An ellipse was fit to this region, identifying the outer contour of the vortex ring. Various vortex ring parameters such as its major axis, its orientation and its center were calculated from the properties of the ellipse. Once the coordinates of the vortex ring were found, the velocity was re-calculated, and a region of interest was predicted for the next frame. This procedure was iterated until the coordinates of the vortex ring in each movie frame were identified.
The virtue of this automated procedure was its speed. In many cases, a 300-frame movie could be analyzed in a matter of seconds. There were, however, problems with this procedure. In particular, the code was occasionally unable to identify the vortex ring without manually adjusting the red threshold for each frame. This was necessary because the vortex ring would sometimes fade as the red ink was shed during the vortex ring flight. We will have more to say about vorticity shedding in Sec. IV. In any case, having to continually adjust the red threshold greatly slowed down the automated vortex tracking procedure. But the main problem created by manually adjusting the red threshold was that it necessarily introduced systematic errors: changing the threshold changed the calculated size of the vortex ring, which affected the calculated Reynolds and Froude numbers of the flow. These problems necessitated a more reliable tracking procedure for all but the most straightforward cases.
Manual vortex tracking procedure
Although it was much slower, a manual vortex tracking procedure was generally employed.
As in the automated vortex tracking procedure, a background image was first subtracted from each movie frame. Next, for each frame, the cartesian coordinates of the top and the bottom core regions of the vortex ring were identified by eye. This was easily done because the red dye tended to be most concentrated in the core regions. From these coordinates, the width, orientation, and center of the vortex ring were calculated.
Although this procedure was certainly more tedious, it enjoyed a number of advantages over the automated tracking procedure. First, it was more reliable, in the sense that there was far less scatter in the calculated width of the ring during its flight. Second, it was a straightforward matter to assign an experimental uncertainty to the coordinates of the vortex ring by estimating the precision with which the centers of the vortex core region could be identified. Finally, the identification of the width of the vortex ring with the distance between the top and bottom core regions, rather than the extent of the visible dye marking the entire region of the vortex ring, has the advantage of being consistent with the conventional way of measuring vortex ring width, w, employed by previous workers.
The results of using the manual vortex tracking procedure are illustrated in Fig. 3 . This case, the saltwater has been marked with a green dye to make the interface more distinct.
The solid line is a linear fit to the data points above the fluid density interface. The angle between this line and the vertical is used to compute the incidence angle of the vortex ring trajectory. Notice that the trajectory of the vortex ring deviates slightly downward from this fit line after penetrating the interface. We will have more to say about this when we discuss vortex ring refraction in Sec. V.
From the data shown in Fig. 3 , one can compute the width, velocity, Froude number and There is no fluid density interface; the trajectory is linear. 
A. Spontaneous instabilities
Such smooth behavior is not always the case. In certain launches, the vortex ring width has been observed to change spontaneously and abruptly. This is typically accompanied by an abrupt change in the slope of v(t), and the shedding of vorticity. The shedding of vorticity is manifested either as a deposition of a significant quantity of dye into the wake of the vortex ring, or as the spawning of a new, smaller, vortex ring whose trajectory is oblique to that of the parent vortex ring. In the latter case, the trajectory of the parent vortex ring changes, as might be expected from the conservation of momentum.
Consider, for example, the launch depicted in Fig. 7 . Due to the density of data points in this launch, we have omitted the vortex orientation lines for the sake of clarity. Midway through its flight, the vortex ring was observed to suddenly shed a small quantity of vorticity downward (not shown). Simultaneously, its trajectory deflected upwards.
Upon inspecting the time dependence of the vortex width, shown in the top graph of Fig. 8 , it was found that at the moment the vortex ring trajectory changed, the vortex ring experienced an abrupt 30% increase in its width. This occurred at t = 0.97 s. At the same time, the Reynolds number fell below 600, as shown in the bottom graph. In Fig. 8, a logarithmic scale has been used on the abscissa, as well as on the ordinate for the velocity,
Froude number and Reynolds numbers.
This is reminiscent of the observations of Maxworthy [1] , who found that a vortex ring tends to become unstable with respect to the formation of a new, stably propagating vortex ring when the Reynolds number is between 600 and 1000. Maxworthy attributed this instability to the growth of azimuthal waves on the vortex ring.
On the other hand, Maxworthy also observed that when R 600, a vortex ring is "stable during the whole of its motion." Our data suggests that this is not necessarily the case. Upon It should be noted that the last observed instability for this launch occurred at t = 5.24 s, when R = 350. This is in the range of R where Maxworthy observed stable vortex ring propagation. It should also be mentioned that an alternative fit, of the form v(t) = A(t − t 0 ) −3/4 , based on the assumption of self-similar vortex ring propagation [11] , yielded consistently larger values of χ 2 , and hence a poorer fit to the data, than the power law fit that we finally adopted. Fig. 7 . The t i demarcate the regions of stable propagation. A and α are fitting parameters for a power law fit, v(t) = At −α , to the data between time t i and t i+1 . R refers to the Reynolds number at t i . Uncertainties in the fitting parameters are also shown. lows, is that in the absence of manifest oblique vorticity shedding, the vortex ring appears to follow a linear trajectory. We will describe in the following section how the presence of a fluid density interface, on the other hand, gives rise to obvious and consistent deviations from a linear trajectory.
V. VORTEX TRAJECTORIES IN THE PRESENCE OF A DENSITY INTER-FACE
We now consider the results of a number of experiments performed in which a vortex ring was launched at an oblique angle toward a fluid density interface. In order to illustrate the most significant results, we have divided our presentation into two sections, the first for large angles of incidence (θ i > 70 degrees), the second for small angles of incidence (θ i < 70 degrees). In each of the trajectory plots that follow, we only show the trajectory of the center of the vortex ring; we omit the vortex orientation lines as well as the background images for the sake of clarity. A summary of the experimental parameters for each of the launches in this section is provided in Tab. II.
A. Large incidence angle: reflection at large interface strength The second row (orange squares) of Fig. 9 shows another launch at an incidence angle of 82 degrees. In this case, however, the vortex ring speed is slightly lower. Consequently, the vortex ring does not penetrate as deeply into the bottom fluid before the effect of buoyancy drives it back upwards, towards the interface. In the third row (blue triangles), the speed of the ring is even slower. In this case, the vortex ring is unable to penetrate the interface. Instead, it simply reflects from the interface. The trend displayed in Fig. 9 is consistently observed: the slower moving vortices, characterized by the larger values of log 10 (A/F ) at impact, tend to reflect from a fluid density interface, provided the incidence In the right column, for each launch, is shown the trajectory, as well as a linear fit to the first ten to twenty data points above the interface; in the left column is shown the depth dependence of log 10 (A/F ).
angle is sufficiently large. Fig. 10 depicts the results of three more launches. In this case, the incidence angle is only 72 degrees with respect to the vertical. Nonetheless, the results are similar to those depicted in Fig. 9 . The rapidly moving vortex shown in the top row (black circles) penetrates the interface before experiencing an upward curvature due to buoyancy. As the speed is decreased (orange squares), the vortex ring does not penetrate as deeply until, at some threshold value, it merely reflects off of the interface, as shown in the bottom row (blue triangles).
Interestingly, for the launch shown in the bottom row of Fig. 10 , the reflected vortex exhibits a cycle of damped oscillations prior to disintegrating. This is likely due to entrainment of the surrounding fluid, which leads to alternating upward and downward forces acting on the ring during its flight. A similar effect was observed by Scase and Dalziel [6] In the right column, for each launch, is shown the trajectory, as well as a linear fit to the first ten to twenty data points above the interface; in the left column is shown the depth dependence of log 10 (A/F ).
when studying the propagation of vortex rings through a stably stratified fluid. For the trajectory data shown in rows 7, 10 and 13, this ratio is greater than unity. These are the trajectories which illustrate vortex ring refraction. Notably, for each of these data sets, log 10 (A/F ) < −2.38±0.05. That is, for weak interfaces, refraction is observed. We will address the significance of column 11
in the next section.
VI. DISCUSSION
Thus far, we have reported measurements of the trajectory of a vortex ring launched at an oblique angle toward a gravity-induced interface separating two fluids. We have found that the vortex ring experiences a variety of subsequent trajectories after striking the interface. Perhaps most notably, we have found that, under certain conditions, the vortex ring experiences refraction at the interface. In this section, we will focus on the interpretation of this phenomenon. In particular, we will speculate as to whether a generalized law of Recall that one of the early successes of the wave theory of light was its ability to explain Snell's law of refraction by appealing to the variation of the speed of light when crossing a boundary separating media of different densities. Early models of light which emphasized its corpuscular nature proved less convincing in explaining refraction, largely because these models required that light travel more rapidly when entering a denser media, such as water or glass, an ostensibly counterintuitive postulate which was later rejected on experimental grounds [12] . With the advent of Hamilton-Jacobi theory, and later wave mechanics, the refraction of light was eventually reconciled with a corpuscular nature, albeit only in a statistical sense. Quantum theory, of course, makes no predictions as to the trajectory of an individual photon [13] . Nonetheless, recent experiments have revived a significant amount of speculation as to the nature, and even the structure, of the photon [14, 15] .
Now it is still possible that a change in vortex ring speed across the interface can account for the refraction if the buoyancy effects are more capable of masking the larger incipient refraction when the Froude number is small. If this is the case, then perhaps computer simulations of a vortex ring striking a density interface at an oblique angle could lead to a quantitative understanding of the effect of buoyancy on the problem.
Finally, a simplistic application of Snell's law of refraction simply cannot account for all of the data in Tab. II. Recall that column 10 of Tab. II depicts the ratio of the sines of the angles of incidence and refraction of the vortex ring. Pursuing the analogy with the law of refraction, one can inquire whether the ratio of the sines is equal to the ratio of the velocities of the vortex above, and below, the interface. Column 11 shows v i /v r , which is the ratio of the vortex ring ring velocities immediately prior to, and immediately after, impact with the interface. It appears that sin θ i / sin θ r = v i /v r holds, to within our experimental uncertainty, for all of the trajectory data except those shown in rows 1, 4, 11 and 14. This suggests that a simplistic law of refraction cannot account for all of the data.
As an added complication, the vortex ring typically experiences deformation and vorticity shedding at the moment of impact. Hence, any generalized law of refraction would likely need to account for vortex ring tension, which offers resistance to deformation of its structure.
Moreover, we have shown in Sec. IV that in some cases the vortex ring trajectory can change abruptly, even in the absence of a fluid density interface, as a result of spontaneous vorticity shedding transverse to the initial vortex ring trajectory. Indeed it is possible that the observed change in vortex ring trajectory, when it strikes a fluid density interface, might be interpreted as a manifestation of stimulated vorticity shedding. In any case, regardless of the particular mechanism, the data suggests that, for a given Atwood number, vortex ring refraction occurs at large Froude numbers.
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